We consider the stability of weakly magnetized differentially rotating stars to adiabatic axisymmetric disturbances. The general case of the angular velocity being dependent on both the spherical radius and the polar angle is analysed. In magnetized radiative zones, there are two low-frequency modes, the buoyant and torsion Alfven ones, which can be destabilized by a differential rotation. For instability, the buoyant mode requires a decrease of the specific angular momentum in the direction from the poles to the equator, whereas the Alfven mode can be unstable if the angular velocity decreases from the poles to the equator. A relatively strong magnetic field may stabilize both of these modes.
INTRODUCTION
Magnetohydrodynamic instabilities play an important role in stellar evolution. For instance, they may cause an efficient transport of angular momentum and mixing of chemicals within stellar radiative zones. Instabilities can be induced by a number of factors, particularly by differential rotation and a magnetic field. Thus, rotation with the specific angular momentum decreasing with the cylindrical radius s, 6(S2Q)/6s < 0, where Q is the angular velocity, results in the well-known Rayleigh instability (Rayleigh 1880); rotation with Q depending on the vertical cylindrical coordinate z is unstable with respect to the instability considered by Goldreich & Schubert (1967) .
The magnetic field can also be a destabilizing factor in stellar radiative zones. The stability properties of differentially rotating stars in the presence of the magnetic field have been the subject of study for a number of papers (for details, see, e.g., the reviewed papers by Acheson 1978 Acheson , 1979 Acheson and 1985 . It was argued that even a relatively weak magnetic field could act as a catalyst for both axisymmetric and non-axisymmetric instabilities. The general criteria for instability of magnetized differentially rotating stars to axisymmetric perturbations were derived by Fricke (1969) who generalized the earlier results that Velikhov (1958) and Chandrasekhar (1961) obtained for Couette flow. For the particular case of the angular velocity being constant on cylinders, these criteria were later obtained by Balbus & Hawley (1991 , 1994 in their stability analysis of weakly magnetized accretion discs and stars. In this case, the instability arises if the angular velocity decreases with distance from the rotation axis.
© 1996 RAS However, rotation with Q(s) evidently does not exhaust all possible rotation laws. In the present paper, we consider the case of a star which rotates with angular velocity Q, depending upon both cylindrical radius s and vertical coordinate z. We address mainly the stability properties of particular modes existing in magnetized stellar radiative zones. It turns out that the criteria of instability may differ for different modes. In Section 2, the main equations governing the instability in stellar radiative zones are presented. Section 3 considers the criteria of instability and its growth time-scale. A brief discussion of results is given in Section 4.
BASIC EQUATIONS
Consider a radiative zone of a differentially rotating star with a weak magnetic field. The field is weak in the sense that the Alfven frequency is small compared both with the local sound frequency and with the local angular velocity. We will not specify a magnetic configuration, assuming only that this configuration is axisymmetric and that the magnetic axis is parallel to the rotational one. We will use both cylindrical (s, 4>, z) and spherical (r, e, 4» coordinates in our description. With the latter, we assume that the centrifugal distortion is small and that the background gradients in pressure, density and temperature are all very nearly radial. We consider axisymmetric short-wavelength perturbations with space-time dependence exp (iwt -ik,s -ikzz) . Small perturbations will be marked by the index 1; for unperturbed quantities subscripts will be omitted with the exception of vector components.
Since the elimination of the magneto acoustic modes at the beginning of the calculation greatly simplifies the matter, we shall work in the Boussinesq approximation. The other leading-order approximation is that the wavelength of the perturbation is small compared with length-scales of all unperturbed quantities. Written with only the largest terms retained, the basic dynamical equations governing the behaviour of the perturbations are
where Ph Ph VI and BI are perturbations of the pressure, density, hydrodynamic velocity and magnetic field, respectively; g is the gravity; we denote bye", the unit vector in the azimuthal direction. The magnetic field is thought to be 'frozen-in' to the plasma because of the high conductivity of stellar interiors. Note the absence of pressure perturbations in the thermal equation (ld) since in the Boussinesq approximation these perturbations are small and their contribution to the thermal balance is negligible. Equations (la)-(ld) yield in a standard way the following dispersion relation:
Here w A and Wg are Alfven and buoyant frequencies, respectively. Equation (2) applies only to the low-frequency modes with frequencies much lower than those of the fast magnetoacoustic waves. Note that in the weak-field approximation the fast magnetoacoustic frequency is approximately equal to the acoustic one. The Alfven response does not simply 'add in quadrature', but appears throughout the dispersion relation, and its effects are accordingly more subtle. If k· B = 0, equation (2) The modes given by equations (3) and (4) are, respectively, the buoyant and torsion Alfven waves modified by rotation. If the unperturbed magnetic field vanishes one has wi = w; + Q2 and w~ = O. The stability properties of the modes (3) and (4) may be quite different.
Stability of the buoyant mode
Stability of this mode in the absence of the magnetic field has been considered by Goldreich & Schubert (1967) , who argued that in the inviscid, non-conducting limit the necessary condition for instability is w; + Q2 < O. If we consider a cylindrically symmetric basic state (i.e., no z-dependence) with a low gravity then this inequality reduces to the Rayleigh instability criterion, d (s2Q)/ds < O. Since the buoyant response is stabilizing, because in stellar radiative zones it greatly exceeds the rotational and magnetic terms in equation (3), we confine our search for unstable local modes to disturbances with ke ~ O. We consider therefore only radial wavenumbers, which in the Boussinesq limit implies displacements in spherical shells. For perturbations with ke ~ 0, instability of the buoyant mode arises whenever the angular momentum per unit mass decreases outward from the rotation axis on a given spherical surface (Goldreich & Schubert 1967 
If the specific angular momentum is distributed in such a way, the growth rate of the instability is proportional to the characteristic angular momentum shearing rate and the system will move toward a state where the angular momentum is constant on spherical shells.
In the presence of the magnetic field, the criterion for instability of the buoyant mode is 
where A. is the wavelength of perturbations, A. = 21t/k, (we assume ke = 0). The longer waves need a stronger magnetic field for stabilization. For typical parameters of radiative zones, the stabilizing field is not very high. Thus, even for very rapidly rotating stars with Q ~ 10-4 s-I, this field is of the order of 10-100 G (or weaker) in the surface layers with p ~ 10-7 _10-5 g cm-3 if A is shorter than the scale height.
Note that equation (7) does not provide an estimate of the critical field for modes with A ~ s since our analysis applies only to short-wavelength perturbations.
Stability of the Alfven mode
If k·B¥-O, the second mode [equation (4)] is non-degenerate. For perturbations with ke = ° which are most unstable in stellar radiative zones, the condition k· B ¥-° implies a nonzero radial component of the magnetic field. Note that B should be relatively high to set the Alfven frequency, W A , greater than the inverse thermal time-scale since we consider the ideal MHD limit alone. As previously mentioned, the stability properties of the torsion Alfven and buoyant modes are essentially different. For example, the Alfven mode is stable when the condition (6) is fulfilled and the buoyant mode is unstable. In this case, the quantity w; + Q2 has evidently to be negative, w: + QZ = -Iw; + QZI, thus
It is easy to check that w~ > ° under the inequality (6).
In contrast to the buoyant mode, however, the instability of the Alfven mode can develop at (8) if the frequency is determined by equation (4) with the upper sign. The condition for instability in this case reads
Combining the inequalities (8) and (9), one obtains the domain of Q2 where the Alfven mode is unstable:
For perturbations with the radially directed wavevector, one has kz=k cos e, k,=k sin e, and the inequality (10) can be rewritten as aQZ -w A > sin e cos e-> -2w~ _4Q z cosze.
ae (11) Hence, the necessary condition for instability of the Alfven mode is aQZ cose-<o, ae (12) i.e. the angular velocity has to decrease from the pole to the equator. Note that instability of the buoyant mode needs the specific angular momentum to decrease from the pole to the equator.
Like the case of the buoyant mode, the instability criterion for the Alfven mode depends strongly on the magnetic field strength, and a relatively weak magnetic field can stabilize this mode even if the angular velocity is decreasing from the pole to the equator on spherical shells. One can estimate the stabilizing magnetic field, Bw from the first of the inequalities (11), B er ~ -p sin e cos e -. The quantity Ber depends on the wavelength of perturbations: the longer the wavelength, the higher the magnetic field required for stabilization. Note that only a radial field component plays a stabilizing role, as in the case of buoyant waves. The critical magnetic fields given by equations (7) and (13) are the same order of magnitude. The growth time of the instability may be rather short. An estimate of the growth time is particularly simple if the magnetic field is so weak that w; + Q Z » 4IQWAk)kl.
In this case, W Z is given by equation (4) It is easy to estimate that the growth time may be of the order of the inverse Alfven frequency for a strong differential rotation with laQ/ael ~ Q but is much longer for a weak shear with laQ/ael «Q. Thus, in the weak-field approximation, the characteristic growth time of the Alfven mode is much longer than the local shear rate, contrary to the estimate given by Balbus & Hawley (1994) . Note that the stability criteria for a differentially rotating magnetized fluid have been analysed by Fricke (1969). Fricke did not consider the behaviour of separate modes but addressed the general stability properties of the dispersion equation in the presence of the toroidal or poloidal magnetic fields. For adiabatic perturbations (w » Xe where X is the thermal diffusivity) the dispersion relation obtained by Fricke (1969) [see equation (62)] reduces to equation (2) of the present paper. After some re-arrangement, this equation can be rewritten in the form (16) where (j = iw. The necessary condition for dynamical stability «(jz < 0) derived by Fricke (1969) Therefore, instability arises only if the inequality (9) is fulfilled. The analysis performed by Fricke (1969) , however, does not make it possible to obtain the domain of parameters required for instability of any particular mode. Our consideration specifies the conclusion of Fricke (1969) : if the inequality (9) holds but w; + Q2 > -2w~ then only Alfven modes arise; if w: + Q < -2w~ [this condition is evidently stronger than (9)] then only buoyant modes are unstable.
CONCLUSION
There are many factors which can cause a differential rotation of stellar radiative zones. For instance, the deviation from thermal equilibrium arising from rotation may induce meridional circulation. The circulation advects and redistributes the angular momentum, resulting in some form of differential rotation even if the star was originally rigidly rotating. Under some conditions, differentially rotating radiative zones can be unstable with respect to adiabatic axisymmetric perturbations. It was shown by Goldreich & Schubert (1967) that, in the absence of the magnetic field, the necessary condition of instability is a decrease of the specific angular momentum from the pole to the equator [equation (5)]. If this condition is fulfilled then the buoyant mode with the radially directed wavevector is unstable on a shearing time-scale.
The stability properties of stellar radiative zones may be quite different in the presence of a weak magnetic field. In magnetized radiative zones, there are two low-frequency modes, the buoyant and torsion Alfven ones, and both of them can generally be unstable under some conditions. Like the non-magnetic case, the necessary condition of instability for the buoyant mode is a decrease of specific angular momentum from the pole to the equator. The magnetic field stabilizes this mode, reducing the growth time for a fixed (unstable) distribution of the angular momentum on spherical shells. A relatively strong poloidal magnetic field, B > Ber [equation (7)], may completely prevent the instability of buoyant waves. The critical field strength, Bcr> is not very high ( ~ 10-100 G) in the surface layers but may be much stronger in stellar interiors.
The torsion Alfven mode can also be unstable in a differentially rotating fluid. However, instability of this mode can arise if the angular velocity decreases on spherical shells in the direction from the poles to the equator. The growth time-scale of unstable Alfven waves is much longer than the shearing time-scale and, for strong differential rotation, may be comparable to the period of the Alfven waves. Like the case of the buoyant mode, a relatively strong magnetic field may stabilize the Alfven mode as well. The critical strength of a stabilizing magnetic field is of the same order of magnitude as for the buoyant mode.
Our study considers only the case of adiabatic axisymmetric perturbations. However, non-axisymmetric modes can also be unstable in a differentially rotating fluid. A detailed analysis of the stability properties of these modes has been performed by Acheson (1978) who argued that, in a radiative zone, instability arises only for almost radial wavevectors. Like axisymmetric Alfven modes, non-axisymmetric ones are unstable if the angular velocity decreases from the pole to the equator along a spherical surface. The maximum growth rate is ~ Isin B oQ/2oBI.
Note also that we completely neglect dissipative processes in our analysis. In a stratified flow, the buoyancy force acts as the stabilizing factor but its influence can be strongly reduced by heat exchange of moving elements with their surroundings if the heat transport is sufficiently rapid (see, e.g., Acheson 1978 Acheson , 1979 Zahn 1983 ). This should be of particular importance for perturbations with relatively short wavelengths since dissipative time-scales are proportional to k-2 • The stabilizing effect of buoyancy is reduced by a factor equal to the ratio of the magnetic and thermal diffusivities. Therefore, suitably short-wavelength perturbations influenced by dissipative processes can probably be unstable not only for almost radial wavevectors.
